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The BESIII Collaboration recently reported the observation of the a0(980)
0 −
f0(980) mixing in the isospin breaking decay J/ψ → ηpi0φ. In the Dalitz plot for that
decay with the η reconstructed from two photons, there is a band around 1.4 GeV on
the pi0φ distribution. In general, this peak can be due to a resonance or a kinematic
effect. In this paper, we study the effects of a set of K∗KK¯ triangle diagrams, and
show that due to triangle singularities such diagrams can lead to a peak around
1.4 GeV in the pi0φ invariant mass distribution. The Dalitz plot induced by such
a mechanism has a feature consistent with the BESIII observation, namely events
along the band accumulate at both ends close to the Dalitz plot boundary. The effect
of the same mechanism on the J/ψ → pi0pi0φ and J/ψ → ηpi0K+K− decays are also
investigated. We suggest to take more data for the J/ψ → ηpi0φ→ ηpi0K+K− and
check whether the structure around 1.4 GeV persists for the K+K− invariant mass
away from the φ mass region. This is crucial for understanding whether the band
is due to triangle singularities or due to a resonance. Were it the latter, the band
should remain while it would not if it is due to the former.
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2I. INTRODUCTION
The BESIII Collaboration reported observations of the a0(980)
0 − f0(980) mixing in the
processes J/ψ → φf0(980) → φa0(980)0 → φpi0η and χc1 → a0(980)0pi0 → f0(980)pi0 →
pi+pi−pi0 [1, 2]. The isospin of the a0(980)0 is 1 and that of the f0(980) is 0, and thus
their mixing breaks isospin. Both of the two resonances couple strongly to the KK¯ meson
pair [3], so that the mixing can happen through their coupling to the KK¯ intermediate
states and the mass difference between the charged and neutral kaon mesons gives the
isospin breaking. Then the mixing probability depends crucially on the coupling strengths
of the a0(980) and f0(980) to the KK¯. Such a mixing mechanism was first proposed in the
late 1970s [4], and was suggested to contain important information to clarify the nature of
these two mesons. That is because the effective couplings of these mesons to the kaons can
be related to their probabilities to be KK¯ molecules (see Refs. [5–8] for discussions based
on extensions of Weinberg’s compositeness relations [9]). The J/ψ → ηpi0φ reaction as a
probe of the a0(980)
0− f0(980) mixing was suggested in Ref. [10], and was further analyzed
using unitarized chiral approaches in Refs. [11, 12].
In the Dalitz plot of the J/ψ → ηpi0φ process measured by the BESIII Collaboration
(see Fig. 1 of Ref. [2]), it is clear that there is a peak near the KK¯ threshold on the ηpi0
distribution which can be interpreted as the a0(980)
0− f0(980) mixing. In addition, there is
also a clear accumulation of events for the pi0φ invariant mass being around 1.4 GeV, which
would be a peak if the Dalitz plot is projected to the pi0φ invariant mass distribution. In
general, this peak can be due to a resonance with a mass about 1.4 GeV or I = 0 or a
kinematic effect. From the first point of view, because the S-wave pi0φ has JPC = 1+− and
this decay breaks isospin symmetry, that peak may be related to the isovector resonance
claimed in Ref. [13] or the isoscalar h1(1380) whose mass is about 1.41 GeV [3].
1 From the
second point of view, because this is an isospin breaking process and that peak position
about 1.4 GeV is near the threshold of K∗K¯, similar to the enhancement of the isospin
violation by triangle singularity as seen in the η(1405/1475) → pi0f0(980) [17–21], triangle
diagrams involving K∗K¯K intermediate states can also lead to a peak and a significant
isospin breaking enhancement here (see also Sec. VI.A.4 of Ref. [22] and references therein
for the discussion of the possible role of triangle singularity on the h1(1380)).
1 Some discussions on the spectrum of axial-vector mesons with qq¯ constituents can be found in, e.g.,
Refs. [14, 15], and a possible description of the h1(1380) as a K
∗K¯ molecule was proposed in Ref. [16].
3FIG. 1. Triangle diagrams in the J/ψ decay into ηpi0φ that can produce a peak at mpi0φ ' 1.4 GeV
without a resonance.
Triangle singularity is the leading Landau singularity [23] of a triangle diagram, and it
depends crucially on the kinematics. To be more specific, when all of the three intermediate
particles in a triangle diagram are on shell, moving collinearly, and all of the interaction
vertices satisfy the energy-momentum conservation [24], the physical amplitude has a log-
arithmic triangle singularity leading to a peak in the invariant mass distributions (see also
Ref. [25] for an intuitive picture of triangle singularity with a reformulation based on a
diagrammatic approach). The production of pi0φ in the reaction pi−p → pi0φn from the
K∗K¯K triangle singularity mechanism has been studied in Ref. [26]. In the J/ψ → ηpi0φ
reaction, we focus on the diagrams that can lead to a peak around the K∗K¯ threshold,
about 1.4 GeV, in the pi0φ distribution, and thus consider the triangle diagrams shown in
Fig. 1. The triangle singularity for each of these diagrams is at the physical boundary when
the kinematics is such that the following processes happen: first, the J/ψ decays into ηK∗K¯
(the charge-conjugated K¯∗K diagrams are also included, see Fig. 1), and the K∗ decays into
piK subsequently; then the K moves in the same direction with the K¯ and catches up with
it, and the KK¯ pair finally forms the φ. Triangle singularity effects of the K∗KK¯ loops
have been studied for processes with the KK¯ pair forming an f0(980) or a0(980) instead of
a φ in Refs. [17–21, 27–32].
This paper is organized as follows. In Section II, we set up the formalism for calculating
the decays J/ψ → ηpi0φ, J/ψ → pi0pi0φ, and J/ψ → ηpi0KK¯. For the last process, the
KK¯ can be either isovector or isoscalar and the isoscalar KK¯ final state interaction (FSI)
4is taken into account using the inverse amplitude method. As will be shown in Section III,
by considering the triangle diagrams shown in Fig. 1 for the J/ψ → ηpi0φ, a peak appears in
the pi0φ invariant mass distribution around 1.4 GeV by virtue of triangle singularity, which
might be the physics behind the band at mpi0φ ' 1.4 GeV in the Dalitz plot measured
by the BESIII Collaboration as they have similar gross features. The results for the pi0φ
distribution of the J/ψ → pi0pi0φ reaction will also be shown, and the peak induced by the
triangle diagrams is much broader since this is an isospin symmetry conserving reaction. A
brief summary is given in Section IV. Some decay amplitudes and a derivation of the generic
n-body phase space are relegated in Appendix A and Appendix B, respectively.
II. FORMALISM
A. J/ψ→ ηpi0φ
The diagrams we consider for the J/ψ → ηpi0φ are shown in Fig. 1. To obtain the decay
amplitude, we use the following effective Lagrangian for the J/ψ → ηK∗K¯, K∗ → piK, and
KK¯ → φ vertices:
Lint =LJV PP + LV PP ,
LJV PP = g1Jµ 〈V µPP 〉 , (1)
LV PP =− ig2 〈V µ[P, ∂µP ]〉 ,
where g1 and g2 are coupling constants, and Jµ is the field operator of the J/ψ, which as
a charmonium is a light-flavor SU(3) singlet state. The light pseudoscalar meson octet and
vector meson nonet matrices are denoted by P and Vµ, respectively,
P =
1√
2

pi0 + 1√
3
η
√
2pi+
√
2K+
√
2pi− −pi0 + 1√
3
η
√
2K0
√
2K−
√
2K¯0 − 2√
3
η
 , Vµ = 1√2

ρ0 + ω
√
2ρ+
√
2K∗+
√
2ρ− −ρ0 + ω √2K∗0
√
2K∗−
√
2K¯∗0
√
2φ

µ
, (2)
where the ideal mixing between the ω and φ is assumed such that the valence quarks for them
are (uu¯ + dd¯)/
√
2 and ss¯, respectively. The V PP Lagrangian in Eq. (1) may be obtained
in the hidden-local symmetry framework (see, e.g., Refs. [33–35] and references therein),
and the effective Lagrangian for the J/ψV PP vertex has been used in Refs. [36–38] to
study the J/ψ decays into one vector and two pseudoscalar mesons. A term proportional
5to Jµ 〈V µ〉 〈PP 〉 involves two flavor traces; thus, it is suppressed by a factor of 1/Nc, with
Nc being the number of colors, compared to Eq. (1) and will not be considered in this
calculation. Indeed, this term was considered in Ref. [38] and was found relatively small.
The decay J/ψ → ηpi0φ breaks isospin symmetry. In the mechanism considered in this
study, the isospin breaking comes from the mass differences between the charged and neutral
K and K∗ mesons in the triangle loops shown in Fig. 1. From the Lagrangian given above,
one can obtain the amplitude for each vertex:
− itJ/ψ,K∗+K−η = i 1√
6
g1
µ
J/ψ
∗ν
K∗+gµν , − itJ/ψ,K∗0K¯0η = i
1√
6
g1
µ
J/ψ
∗ν
K∗0gµν ,
− itJ/ψ,K∗−K+η = i 1√
6
g1
µ
J/ψ
∗ν
K∗−gµν , − itJ/ψ,K¯∗0K0η = i
1√
6
g1
µ
J/ψ
∗ν
K¯∗0gµν ,
− itK∗+,K+pi0 = −i
√
2
2
g2
µ
K∗+(pK+ − ppi0)µ, − itK∗−,K−pi0 = −i
√
2
2
g2
µ
K∗−(ppi0 − pK−)µ, (3)
− itK∗0,K0pi0 = −i
√
2
2
g2
µ
K∗0(ppi0 − pK0)µ, − itK¯∗0,K¯0pi0 = −i
√
2
2
g2
µ
K¯∗0(pK¯0 − ppi0)µ,
− itφ,K+K− = −ig2µφ(pK+ − pK−)µ, − itφ,K0K¯0 = −ig2µφ(pK0 − pK¯0)µ.
The coupling constant g2 can be fixed from reproducing the observed φ width: g2 ' 4.5.
The parameter g1 is unknown. However, since we only care about the shape and relative
size of the invariant mass distributions, we may set g1 = 1.
With Eq. (3), the amplitude for a given diagram in Fig. 1 can be written as follows:
−iMid = −g1g
2
2
2
√
3
µJ/ψ
ν
φ
∫
d4q
(2pi)4
[
−gµλ + (q + k1)µ(q + k1)λ/m2K∗id
]
(q + 2k2 − k1)λ(2q + k2)ν
(q2 −m2Kid + i)[(q + k1)2 −m2K∗id + i][(q + k2)2 −m2Kid + i]
≡ −g1g
2
2
2
√
3
µJ/ψ
ν
φMidµν , (4)
where the index id = C(N) corresponding to the process with charged (neutral) intermediate
particles. The details of Mµνid are given in Appendix A. Adding these charged and neutral
loop amplitudes with appropriate phases, the total amplitude is given by
MJ/ψ→ηpi0φ = 2(MC −MN). (5)
The factor 2 is to take account of the charge conjugated contributions, i.e., the amplitudes
for Fig. 1 (a, c) give the same contribution as those for Fig. 1 (b, d). As one can see from
Eq. (4), the amplitudes MC and MN differ only by the masses of the intermediate mesons
K and K∗, and in the isospin limit, which is realized by using identical masses for the mesons
6in the same isospin multiplet,MC andMN in Eq. (5) would exactly cancel each other. We
calculate this amplitude in the center-of-mass (CM) frame of the pi0 and φ pair, and choose
the pi0 momentum direction as the z-direction.
The differential width of this process can be written as (see Appendix B for details of the
phase space factor)
dΓ =
1
(2pi)524m2J/ψ
1
3
∑
spin
|M|2|p1||p∗2|dΩ1dΩ∗2dm23, (6)
where the quantities marked with ∗ are evaluated in the CM frame of particle 2 and particle
3 in the final states, and the momentum (|p1|,Ω1) is the momentum of particle 1 in the rest
frame of the decay particle. Since we are interested in the invariant mass distribution of
pi0φ, we choose η as particle 1, pi0 as particle 2, and φ as particle 3. Then the differential
width is given by
dΓJ/ψ→ηpi0φ
dmpi0φ
=
|pη||p∗pi0|
(2pi)524m2J/ψ
1
3
∫
dΩηdΩ
∗
pi0
∑
spin
|MJ/ψ→ηpi0φ|2, (7)
with
∑
spin summing over polarizations of J/ψ and φ and the amplitude MJ/ψ→ηpi0φ given
in Eq. (5).
B. J/ψ→ ηpi0KK¯
In the experimental measurement, the φ is reconstructed from its decays into the K+K−
final states with the K+K− invariant mass in the region [mφ−10 MeV,mφ+10 MeV]. For a
direct comparison with the experimental data, we need to take into account the subsequential
decay of the φ into K+K− which means the ηpi0K+K− in the final state. In this case, since
the K∗ decay into Kpi with an almost 100% branching fraction, tree diagrams should be
included in addition to the triangle loop ones. The diagrams for this process considered here
are shown in Fig. 2. The triangle diagrams involve the KK¯ → KK¯ final state interaction.
We consider the P -wave KK¯ scattering amplitude with quantum numbers (I, J) = (0, 1)
and (1, 1). For simplicity, only the contribution of the φ meson is considered in the (0, 1)
channel. For the KK¯ (I, J) = (1, 1) amplitude, we employ the inverse amplitude method
as developed in Ref. [39], which is a unitary extension of chiral perturbation theory and can
describe the meson-meson scattering data up to 1.2 GeV. In this approach, the unitarized
7FIG. 2. Feynman diagrams for the J/ψ decay into ηpi0K+K− considered in this work. In the
triangle diagrams, both the charged and neutral K and K∗ mesons are taken into account as in
Fig. 1. In the second line, (T01)22 and (T11)22 refer to the P -wave KK¯ → KK¯ scattering amplitudes
with isospin I = 0 and I = 1, respectively.
T -matrix for a given partial wave can be written as
T = T2(T2 − T4 − T2GT2)−1T2, (8)
where T2 is the partial wave scattering amplitude from the leading order chiral Lagrangian,
T4 is the polynomial tree-level amplitude from the next-to-leading order chiral Lagrangian,
and G is a diagonal matrix given by the loop integrals with two meson propagators. One
can find the specific form of the T -matrix in Ref. [39]. Here, we use the isospin symmetric
KK¯ → KK¯ amplitude to concentrate on the effect of triangle singularities. The amplitudes
for the KK¯ → KK¯ FSI with quantum numbers (I, J) = (0, 1) and (1, 1) are written as:
−it(0,1) = −ig22
(−gµν + pµφpνφ/m2φ)
m2
KK¯
−m2φ + imφΓφ
(pinK − pinK¯)µ(poutK − poutK¯ )ν
= i
g22
m2
KK¯
−m2φ + imφΓφ
(pinK − pinK¯)µ(poutK − poutK¯ )µ
≡ −it˜(0,1)(pinK − pinK¯)µ(poutK − poutK¯ )µ, (9)
−it(1,1) = −i3(T11)22 cos θ
= −i3(T11)22
(pinK − pinK¯)µ(poutK − poutK¯ )µ
4qinqout
≡ −it˜(1,1)(pinK − pinK¯)µ(poutK − poutK¯ )µ, (10)
8where mφ = 1019.5 MeV and Γφ = 4.2 MeV are the mass and width of the φ meson,
respectively [3], pφ = p
out
K + p
out
K¯
, and θ is the angle between the 3-momenta of K mesons
in the loop and final state in the KK¯ CM frame. The momenta pinK and p
out
K (p
in
K¯
and pout
K¯
)
denote the K (K¯) momenta in the loop and final state, respectively, and qin, qout are the
magnitudes of the corresponding CM momenta. The T -matrix T11 is a two-channel matrix
with the quantum numbers (I = 1, J = 1), whose elements (T11)11, (T11)12 and (T11)22
correspond to the P -wave scattering amplitudes for pipi → pipi, pipi → KK¯ and KK¯ → KK¯,
respectively. The purpose of our calculation is to study the influence of triangle singularity
on the pi0KK¯ invariant mass distribution, so we focus on the kinematic region where triangle
singularity occurs, i.e. for all the intermediate particles being on-shell. We approximate the
momentum qin in the denominator of Eq. (10) for the KK¯ scattering vertex with the on-
shell momentum qcm = q
out =
√
m2
KK¯
/4−m2K . Before we apply this formula, we need to
transform the particle basis from the isospin space to the charged space:
|KK¯〉I=0 = − 1√
2
|K+K−〉 − 1√
2
|K0K¯0〉 ,
|KK¯〉I=1,I3=0 = −
1√
2
|K+K−〉+ 1√
2
|K0K¯0〉 ,
(11)
where the phase convention |K−〉 = − |I = 1/2, Iz = −1/2〉, the same as that in Ref. [39], is
used. Then, the J/ψ → ηpi0K+K− amplitudes of the tree and triangle loop diagrams shown
in Fig. 2 can be written as follows:
−iMtree = −i 1
2
√
3
g1g2
µ
J/ψ
[−(ppi0 − pK)µ + (ppi0 + pK)µ(m2pi0 −m2K)/m2K∗
m2
pi0KK¯
− 2mpi0KK¯EK¯ +m2K −m2K∗ + i
+
−(ppi0 − pK¯)µ + (ppi0 + pK¯)µ(m2pi0 −m2K)/m2K∗
m2
pi0KK¯
− 2mpi0KK¯EK +m2K −m2K∗ + i
]
,
−iMI=0loop = −
1
2
√
3
g1g2
µ
J/ψ(MCµν −MNµν)t˜(0,1)(pK¯ − pK)ν ,
−iMI=1loop = −
1
2
√
3
g1g2
µ
J/ψ(MCµν +MNµν)t˜(1,1)(pK¯ − pK)ν ,
Mtot =Mtree +MI=0loop +MI=1loop .
(12)
Finally, as shown in Appendix B, the differential width of this 4-body decay process can
be written as
dΓ =
1
(2pi)825m2J/ψ
1
3
∑
spin
|Mtot|2|p1||p′2||p′′3|dΩ1dΩ′2dΩ′′3dm234dm34, (13)
9where the momenta (|p1|,Ω1), (|p′2|,Ω′2) and (|p′′3|,Ω′′3) are evaluated in the rest frame of the
decaying particle, the particles 2+3+4, and the particles 3+4, respectively. We choose η as
particle 1, pi0 as particle 2, K as particle 3 and K¯ as particle 4. Then the double differential
distribution is given by
d2ΓJ/ψ→ηpi0KK¯
dmpi0KK¯dmKK¯
=
|pη||p′pi0||p′′K |
(2pi)825m2J/ψ
1
3
∫
dΩηdΩ
′
pi0dΩ
′′
K
∑
spin
|Mtot|2. (14)
C. J/ψ→ pi0pi0φ
Furthermore, we can consider the J/ψ → pi0pi0φ process with little additional effort
because we only need to replace the η by the pi0 in Fig. 1. The difference is that the J/ψ →
ηpi0φ breaks isospin symmetry while this process is isospin conserving. The J/ψ → pipiφ
reaction has been studied in Refs. [36, 37, 40, 41] using the S-wave pipi final state interactions
to explain the structures in the pipi invariant mass distributions of the J/ψ → φpipi and
J/ψ → ωpipi [42–44].
From the Lagrangian in Eq. (1), we can obtain the following J/ψ → pi0K∗K¯ amplitudes:
− itJ/ψ,K∗+K−pi0 = i
√
2
2
g1
µ
J/ψ
∗ν
K∗+gµν , −itJ/ψ,K∗0K¯0pi0 = −i
√
2
2
g1
µ
J/ψ
∗ν
K∗0gµν ,
− itJ/ψ,K∗−K+pi0 = i
√
2
2
g1
µ
J/ψ
∗ν
K∗−gµν , −itJ/ψ,K¯∗0K0pi0 = −i
√
2
2
g1
µ
J/ψ
∗ν
K¯∗0gµν .
(15)
Due to the difference of the signs from those in Eq. (3) for the J/ψ → ηK∗K¯ case, the total
amplitude of the J/ψ → pi0pi0φ is given by
MJ/ψ→pi0pi0φ = 2(MC +MN). (16)
One sees that the charged and neutral intermediate states give the same contributions in
the isospin limit as expected since the transition preserves isospin symmetry.
The pi0φ mass distribution is obtained from Eq. (7) by replacing η with pi0 and multiplying
an additional factor 1/2! due to the identical two neutral pions in the J/ψ → pi0pi0φ.
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M
FIG. 3. Triangle diagram with the intermediate particles with masses m1,2,3. M,m13 and m23 are
the invariant masses of external particles. The two vertical dashed lines denote two cuts.
III. RESULTS
A. General discussion
Triangle singularity at the physical boundary can be easily obtained by solving the equa-
tion derived in Ref. [25] which reads
qon+ = qa−, with qon+ =
1
2M
√
λ(M2,m21,m
2
2), qa− = γ (β E
∗
2 − p∗2) , (17)
where λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2zx is the Ka¨lle´n triangle function, E∗2 =
(m223+m
2
2−m23)/(2m23) and p∗2 =
√
λ(m223,m
2
2,m
2
3)/(2m23) are the energy and the magnitude
of the 3-momentum of particle m2 in the CM frame of (m2,m3), β is the magnitude of the
velocity of (m2,m3) system in the CM frame of (m1,m2), and γ = 1/
√
1− β2 is the Lorentz
boost factor from the (m2,m3) CM frame to the (m1,m2) CM frame.
For the triangle singularity to be on the physical boundary, the physical conditions of
which are given by the Coleman-Norton theorem [24], the above equation needs to have a
real solution, and all the arguments of the involved square root functions need to be positive.
Physically, this means that all the intermediate particles go on shell, moving collinearly, and
the m3 particle from the decay of m1 should be fast enough to catch up with the m2 from
the decay of M , and then particles m2 and m3 interact like a classical process producing
external particle(s) with an invariant mass m23. For more discussions, we refer to, e.g.,
Refs. [45, 46].
If we fix the the masses of the intermediate states, and the invariant mass m13 (cor-
responding to the pi0 mass for the question under study), then to have a physical region
singularity requires the lower bound for the invariant mass m23 to be the m2 +m3 threshold,
and the upper bound can be obtained by solving Eq. (17) with M = m1 + m2, i.e., at the
11
boundary that m1 and m2 can be on shell. As a result, the region of m23 for having a
triangle singularity in the invariant mass distribution of M at the physical boundary is
m23 ∈
[
m2 +m3,
√
[(m1 +m2) (m23 +m1m2)−m2m213] /m1
]
. (18)
B. J/ψ→ ηpi0φ
We can compute where the logarithmic singularities of the charged and neutral K∗KK¯
triangle loops in Figs. 1 and 2 are located using Eq. (17). For the J/ψ → ηpi0φ reaction,
let us fix the KK¯ invariant mass to the φ meson mass first. Neglecting the K∗ width, the
triangle singularities for diagrams with the charged [Fig. 1 (a) and (b)] and neutral [Fig. 1 (c)
and (d)] intermediate states are located at 1385.7 MeV and 1395.6 MeV, respectively. The
former is slightly above the K∗+K− threshold at 1385.3 MeV (we take the central values in
Ref. [3] for the masses), and the latter is 2 MeV above the K∗0K¯0 threshold at 1393.6 MeV.
Therefore, we will see two sharp peaks in the pi0φ invariant mass distribution,2, and each
of the peak has a cusp at the K∗K¯ threshold on its left shoulder. When the K∗ width is
taken into account, the sharp peaks will be smeared to a smooth and much broader peak
with a width dictated by the K∗ width. For a detailed study of the width effects on triangle
singularity, we refer to Ref. [21, 47].
In Fig. 4, we show the pi0φ invariant mass distribution given by Eq. (7) with and without
considering the K∗ width. The behavior of the curves is exactly as expected in the above.3
The dashed curve in the figure is obtained by using a complex mass mK∗ − iΓK∗/2 for
the K∗ with ΓK∗ = 50 MeV. The two triangle singularities for the charged and neutral
intermediate states are now located at 1385.6 − i25.5 MeV and 1395.5 − i26.1 MeV. Since
the difference between the two real parts is much smaller than twice the imaginary part, the
two singularities lead to only a single broad peak shown as the dashed curve.
The BESIII Collaboration reported the Dalitz plot distribution for the decay J/ψ → ηpi0φ
in the (m2ηpi0 ,m
2
pi0φ) plane [2]. Here, let us discuss the triangle singularity contribution to
the Dalitz plot. Note that the a0(980), f0(980), and f1(1285) resonances coupled to the pi
0η
2 In this case, the singularities are at the physical boundary, which means that the triangle loop amplitudes
have logarithmic singularities in the physical region. This of course will not happen in the real physical
case because for all the particles being on shell, the K∗ must be able to decay so that the singularities
move to the complex plane.
3 The K∗+K− threshold cusp is invisible in the plot because it is too close to (only 0.4 MeV below) the
triangle singularity.
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FIG. 4. The pi0φ invariant mass distribution in arbitrary units (a.u.) for the decay J/ψ → ηpi0φ
from the mechanism shown in Fig. 1. The width of K∗ is considered in the dashed line (which has
been multiplied by a factor of 500 in order to have a size comparable to the one with the K∗ width
neglected), but not in the solid one.
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FIG. 5. Dalitz plot of the J/ψ → ηpi0φ in the (m2ηpi0 ,m2pi0φ) plane from the triangle loop amplitude
given in Eq. (5).
seen in Ref. [2] are not considered here, and the mechanism discussed here is only important
in a small energy region for mpi0φ not far from the K
∗K¯ threshold. This means that the
extension of our calculation to the whole phase space would not be adequate. However, as
we discuss below the main feature of the triangle singularity contribution to the Dalitz plot
is consistent with what was observed by the BESIII Collaboration.
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With Eq. (7), the Dalitz plot distribution is given by
d2Γ
dm2ηpi0dm
2
pi0φ
=
1
2|pη||ppi0|
d2Γ
dm2pi0φd cos θ
∝ |MJ/ψ→ηpi0φ|2 (19)
with the amplitude MJ/ψ→ηpi0φ given in Eq. (5). Considering the K∗ width, the resulting
Dalitz plot is shown in Fig. 5. One can see that the peak shown as the dashed line in
Fig. 4 in fact shows up as an accumulation of events at both ends of the phase-space allowed
region for mηpi0 . The reason for such a behavior is that triangle singularity happens when
all the particles move collinearly (see, e.g., discussions in Ref. [25]), which corresponds to
the boundary of the Dalitz plot. Therefore, the effects should show up most prominently at
mpi0φ ∼ 1.39 GeV and at the two ends of the physical mpi0η region. In the Dalitz plot given
by the BESIII Collaboration with the η reconstructed from two photons [2], there is a clear
band at mpi0φ ∼ 1.4 GeV, and the events along the band accumulate around the two ends.
Except that in the low mpi0η region there is a large contribution from the f0(980) and a0(980)
resonances, which are not considered here, the gross feature of the band is consistent with
what is shown in Fig. 5. Data with higher statistics are called for in order to make a firm
conclusion on whether the band is due to the triangle singularities discussed here or due to
a resonance.
The loop integrals in the decay amplitudes are ultraviolet (UV) divergent, and we use
dimensional regularization with the MS subtraction scheme to regularize the UV divergence
(see Appendix A). It is worthwhile to mention that triangle singularity happens when all
the three intermediate particles go on shell and thus is an infrared singularity. Thus, the
UV divergence does not affect the presence of triangle singularity, but requires introducing a
counterterm to absorb the divergence. Here, since we do not intend to construct a full model
for the decay and focus only in the triangle singularity effects, we refrain from introducing
the counterterm and simply take the dimensional regularization scale to be µ = 1.2 GeV in
the calculation of the Dalitz plot.
The mpi0φ distribution for the J/ψ → ηpi0φ including the K∗ width is shown in the left
panel of Fig. 6, which is the same as Fig. 4 with the K∗ width up to an overall normalization
factor. One can see a clear peak around 1.39 GeV with a width about 50 MeV. Because of
the isospin breaking, the charged and neutral loops largely cancel each other in the region
outside the peak, making the peak a prominent structure. The dependence on the scale µ
which appears in the regularization of the UV divergence is also checked: the results with
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FIG. 6. Dependence of the pi0φ distribution of J/ψ → ηpi0φ and J/ψ → pi0pi0φ on the scale (µ) in
dimensional regularization with the MS subtraction scheme used in evaluating the loop integrals.
The red dashed, black solid and blue dot-dashed lines correspond to µ = 0.2, 1.2 and 2.2 GeV,
respectively.
µ = 0.2, 1.2, and 2.2 GeV for J/ψ → ηpi0φ are shown as dashed, solid and dot-dashed
lines, respectively, in the left panel of Fig. 6. As one can see, the peak in the case of
J/ψ → ηpi0φ is affected little by changing µ. This is because the decay breaks isospin, and
the UV divergence part gets largely canceled in the difference between the contributions of
the charged and neutral meson loops, see Eq. (5). Such a cancellation has been discussed
in Ref. [48] studying the charmed-meson loop contribution to the isospin breaking decay
ψ′ → J/ψpi0: it is shown that at the leading order of nonrelativistic effective field theory,
the UV divergence in the neutral and charge meson loops cancel with each other, leaving a
finite piece depending on the masses of intermediate particles.
C. J/ψ→ pi0pi0φ
Differently, the J/ψ → pi0pi0φ reaction is isospin-symmetry allowed, and the charged and
neutral loops add up to give the final result. Thus, one would expect the peak in the pi0φ
invariant mass distribution due to triangle singularities to be much more modest than that
in the J/ψ → pi0ηφ case, and the result should have a large scale dependence. This is
indeed the case as can be seen from the right panel of Fig. 6. Nonetheless, the triangle
singularities in this process have the same origin as the prominent one for the J/ψ → pi0ηφ,
and deserve to be studied in more detail to reveal another aspect of the J/ψ → pi0pi0φ process
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FIG. 7. Differential width for the J/ψ → ηpi0KK¯ as a function of invariant masses of KK¯ and
pi0KK¯ in arbitrary units, by considering only triangle loop diagrams shown in Fig. 2. The left
(right) two plots show results considering triangle diagrams with I = 0 (I = 1) KK¯ FSI. The K∗
width is considered in the lower-line plots, but not in the upper-line ones.
in addition to the pipi distribution that has been extensively studied both experimentally [44]
and theoretically [36, 37, 40, 41].
D. J/ψ→ ηpi0KK¯
One important feature of triangle singularity is that its effect is very sensitive to the kine-
matical variables such as masses of the intermediate particles and external energies.4 Using
Eq. (18), the triangle singularity is at the physical boundary (neglecting the K∗ width) only
4 It was recently proposed that this sensitivity can be used to make a very precise determination of the
binding energy of theX(3872) by measuring the line shape of theX(3872)γ produced from a short-distance
D∗0D¯∗0 source [49].
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when the KK¯ invariant mass is in the range of [987.4, 1025.9] MeV and [995.2, 1033.7] MeV
for the charged and neutral intermediate states, respectively. The φ mass is just right in the
range. When the KK¯ invariant mass is pushing away from this range, the effects caused by
the singularities will damp quickly.
Therefore, in order to reveal the origin of the band in the Dalitz plot at mpi0φ ∼ 1.4 GeV
in the BESIII data [2], i.e., whether it is indeed due to triangle singularities, we can study
the J/ψ → ηpi0KK¯ reaction and investigate the correlation between the KK¯ invariant
mass and the triangle singularity effects. In Fig. 7, we show the (mpi0KK¯ ,mKK¯) distribution
of the J/ψ → ηpi0KK¯ reaction considering only the loop diagrams shown in Fig. 2 with
(lower line) and without (upper line) considering the K∗ width. The upper two plots show
clearly the two triangle singularities in the charge and neutral loops.5 The structures get
smeared by the K∗ width in the lower two plots, while the one with I = 0 KK¯ still shows
a clear peak at mpi0K+K− ∼ 1.4 GeV due to isospin breaking, which is most prominent at
mK+K− ' 1.02 GeV due to the presence of the φ resonance. When the KK¯ invariant mass
is away from the φ resonant region, the peak along mpi0K+K− also becomes much less evident
in the lower left plot. Were the band at mpi0φ ∼ 1.4 GeV in the Dalitz plot observed by the
BESIII Collaboration due to a resonance decaying into pi0φ, the same resonance would also
be able to decay into pi0K+K−, and its signal should always be there no matter what value
the K+K− invariant mass takes (as long as there are enough data).
In the left panel of Fig. 8, we show the mKK¯ distribution at mpi0KK¯ = 1.39 GeV in a
window of the KK¯ invariant mass containing the φ resonance, i.e., mKK¯ ∈ [1010, 1030] MeV
as that taken in the BESIII paper [2], given by Eq. (14) with both tree and loop amplitudes
in Eq. (12) with the K∗ width. One clearly sees the φ peak. In the BESIII measurement, the
φ events are selected in a K+K− invariant mass window of [mφ − 10 MeV,mφ + 10 MeV],
and a sideband subtraction is made so as to remove the background events that are not
from the φ. Here, similarly we make a linear interpolation between the two ends of the φ
window to take the sideband subtraction, see the caption of Fig. 8. The right panel shows
the pi0K+K− invariant mass distribution by integrating Eq. (14) over mKK¯ in φ window,
and the sideband subtraction has been made. A clear peak shows up at around 1.39 GeV
with little background.
5 Notice that there should always be K∗+K− and K∗0K¯0 threshold cusps, which get smeared by the K∗
width and would produce a mild bump if there is no enhancement due to nearby triangle singularities or
due to possible nearby resonances.
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FIG. 8. Left panel: the K+K− invariant mass distribution in the φ window with mpi0KK¯ fixed at
1.39 GeV for J/ψ → ηpi0KK¯. The solid line includes all the diagrams (tree, loops with the I = 0
and I = 1 KK¯ FSI) in Fig. 2, the dashed line includes the tree and I = 0 KK¯ FSI diagrams,
and the dotted line is a linear interpolation between the two ends of a narrow window of the φ
resonance: mKK¯ ∈ [1010, 1030] MeV. Right panel: the pi0K+K− invariant mass distribution of
the same reaction with mKK¯ integrated in the φ window, where we have subtracted the sideband
contribution (i.e., the part below the straight dotted line in the left panel). The K∗ width has
been taken into account in these plots.
At last, we make a brief comment on the Schmid theorem [50] that can matter when
the external and internal particles are the same in the triangle diagram (i.e., when the
rescattering of particles m2 and m3 in Fig. 3 is elastic). The Schmid theorem claims that
the triangle singularity contribution does not show up in the invariant mass distribution
which is obtained by projecting the Dalitz plot into one invariant mass. The validity and
limitations of the Schmid theorem has been studied in Refs. [47, 51–53]. It is pointed out
that the theorem holds only for the single-channel case, and in the case of very small width
of the intermediate particles such that the triangle diagram can be well approximated by
solely the singularity contribution. In such a situation, the sum of the tree-level and triangle
diagram is approximately given by the tree-level amplitude multiplied by a phase factor
with the phase given by the scattering phase shift of the two particles that rescatter. As a
result, the invariant mass distribution does not have a sharp peak, but behaves as that of the
tree-level t-channel exchange diagram. One sees that the Schmid theorem is not applicable
here for two reasons: (1) the K∗ meson has a width of about 50 MeV; (2) for the reaction
of interest J/ψ → ηpi0K+K−, only the K+K− pair appears in the final state while both the
K+K− and K0K¯0 appear in the loops.
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IV. SUMMARY
In summary, by considering the triangle diagrams with K∗KK¯ intermediate particles for
the isospin breaking process J/ψ → ηpi0φ shown in Fig. 1, we show that there appears a
band in the Dalitz plot which is located at the pi0φ invariant mass of around 1.4 GeV by
virtue of triangle singularities. Events along the band accumulate around the two ends close
to the Dalitz plot boundary. Such a feature is consistent with what was observed by the
BESIII Collaboration with the η reconstructed from two photons in Ref. [2].
In order to check whether this is the genuine mechanism behind the experimental observa-
tion, we further study the processes J/ψ → pi0pi0φ and J/ψ → ηpi0K+K−. These processes
are dominated by the isospin conserving contribution. It is shown that the triangle singular-
ity mechanism has a much more modest effect for the J/ψ → pi0pi0φ and leads to a broader
bump. As for the J/ψ → ηpi0K+K−, our results show that the triangle singularity effect
is most evident with the K+K− invariant mass is in the φ resonance mass region where
isospin breaking plays an important role. Thus, by taking events with mK+K− away from
that region, we expect the band at mpi0K+K− ∼ 1.4 GeV in the Dalitz plot would become
weaker and eventually invisible if K+K− is sufficiently away from the φ mass region. On the
other hand, if the band in the Dalitz plot is due to a resonance, which should also be able
to decay into pi0K+K−, one expects the band remains independent of the K+K− invariant
mass.
Therefore, in order to reveal the physics behind the band at mpi0φ ∼ 1.4 GeV observed by
the BESIII Collaboration, we suggest experimentalists to take more data for the J/ψ → ηpi0φ
to make the Dalitz plot more clear, and to check whether the structure persists in other
K+K− invariant mass regions.
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Appendix A: Explicit form of Mµνid
In this section we present the explicit form ofMµνid appearing in Eq. (4). First we define
Iid, Jid, and I
µ1µ2...µn
id as
Iid =
∫
d4q
(4pi)2
1
[q2 −m2Kid + i][(q + k1)2 −m2K∗id + i][(q + k2)2 −m2Kid + i]
, (A1)
Jid =
∫
d4q
(4pi)2
1
[(q + k1)2 −m2K∗id + i][(q + k2)2 −m2Kid + i]
, (A2)
Iµ1µ2...µnid =
∫
d4q
(4pi)2
qµ1qµ2 ...qµn
[q2 −m2Kid + i][(q + k1)2 −m2K∗id + i][(q + k2)2 −m2Kid + i]
. (A3)
With the technique of tensor decomposition of loop integrals, Iµ, Iµν , Iµνρ, and Iµνρσ can
be rewritten as given in Ref. [54],
Iµ =
∑
i=1,2
kµi Ci, (A4)
Iµν =gµνC00 +
∑
i,j=1,2
kµi k
ν
jCij, (A5)
Iµνρ =
∑
i=1,2
(gµνkρi + g
νρkµi + g
ρµkνi )C00i +
∑
i,j,k=1,2
kµi k
ν
j k
ρ
kCijk, (A6)
Iµνρσ =(gµνgρσ + gµρgνσ + gµσgνρ)C0000
+
∑
i,j=1,2
(gµνkρi k
σ
j + g
νρkµi k
σ
j + g
ρµkνi k
σ
j + g
µσkνi k
ρ
j + g
νσkµi k
ρ
j + g
ρσkµi k
ν
j )C00ij
+
∑
i,j,k,l=1,2
kµi k
ν
j k
ρ
kk
σ
l Cijkl. (A7)
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Using these Iid and I
µ1µ2...µn
id , the loop amplitude Mµνid is written as
Mµνid =Iid
[
kµ1k
ν
2 − 2kµ2kν2 +
2(k1 · k2)
m2K∗id
kµ1k
ν
2 −
k21
m2K∗id
kµ1k
ν
2
]
+
2
m2K∗id
Iρidk
µ
1k
ν
2k2ρ +
1
m2K∗id
gρσI
ρσ
id k
µ
1k
ν
2 + I
µ
id
[
−kν2 +
2(k1 · k2)
m2K∗id
kν2 −
k21
m2K∗id
kν2
]
+ Iνid
[
2kµ1 − 4kµ2 +
4(k1 · k2)
m2K∗id
kµ1 −
2k21
m2K∗id
kµ1
]
+
2
m2K∗id
Iµρid k
ν
2k2ρ
+
1
m2K∗id
gρσI
µρσ
id k
ν
2 +
4
m2K∗id
Iνρkµ1k2ρ +
2
m2K∗id
gρσI
νρσkµ1
+ Iµνid
[
4(k1 · k2)
m2K∗id
− 2− 2k
2
1
m2K∗id
]
+
4
m2K∗id
Iµνρid k2ρ +
2
m2K∗id
gρσI
µνρσ
id
. (A8)
Since both the K∗Kpi0 and φKK¯ vertices are P -wave and the K∗ propagator has a
momentum dependent numerator, the amplitude of the triangle diagram is UV divergent. In
all calculations of this paper, we use dimensional regularization and with the MS subtraction
scheme for the subtraction of the UV divergence, and unless specified we take µ = 1.2 GeV
for the scale introduced in dimensional regularization.
In Eq. (A8), for example, a term gρσI
ρσ should be understood as
gρσI
ρσ
id =
∫
d4q
(2pi)4
gρσq
ρqσ
[q2 −m2Kid + i][(q + k1)2 −m2K∗id + i][(q + k2)2 −m2Kid + i]
(A9)
=
∫
d4q
(2pi)4
{
m2Kid
[q2 −m2Kid + i][(q + k1)2 −m2K∗id + i][(q + k2)2 −m2Kid + i]
+
1
[(q + k1)2 −m2K∗id + i][(q + k2)2 −m2Kid + i]
}
(A10)
=m2KidIid + Jid. (A11)
The terms gρσI
µρσ and gρσI
µνρσ also need similar manipulations.
Appendix B: General phase space formula for 1 to n-body decay
The partial decay rate of a particle of mass m into n bodies in its rest frame is given in
terms of the Lorentz-invariant matrix element M by
dΓ =
(2pi)4
2m
|M|2dΦn(p1, · · · , pn), (B1)
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where dΦn is an element of the n-body phase space given by
dΦn(p1, · · · , pn) = δ4
(
p−
n∑
i=1
pi
)
n∏
i=1
d3pi
(2pi)32Ei
. (B2)
To get the decay formula, we need to integrate the order-4 Dirac δ-function in Eq. (B2)
which represents the four-momentum conservation. For instance, we can integrate the mo-
menta of the last particle first:∫
d3pn
(2pi)32En
δ4
(
p−
n∑
i=1
pi
)
=
∫
d4pn
(2pi)4
(2pi)δ
(
p2n −m2n
)
θ(p0n)δ
4
(
p−
n∑
i=1
pi
)
=
1
(2pi)3
δ
(p− n−1∑
i=1
pi
)2
−m2n
 θ
(p− n−1∑
i=1
pi
)0∫ d4pnδ4(p− n∑
i=1
pi
)
≡ 1
(2pi)3
δ
(p− n−1∑
i=1
pi
)2
−m2n
 θ
(p− n−1∑
i=1
pi
)0ϑ4n
(
p−
n∑
i=1
pi
)
,
(B3)
where we have defined an order-n ϑ-function as follows:∫
X
dnxδn(x− x0) ≡ ϑnX(x− x0). (B4)
Substituting Eq. (B3) into Eq. (B2), we can get
dΦn(p1, · · · , pn) = 1
(2pi)3
n−1∏
i=1
d3pi
(2pi)32Ei
δ
(p− n−1∑
i=1
pi
)2
−m2n
 θ
(p− n−1∑
i=1
pi
)0ϑ4n
(
p−
n∑
i=1
pi
)
.
(B5)
So far, we still have an order-1 Dirac δ-function which represents the mass-shell condition
of the last particle. Just like what we did in Eq. (B3), to eliminate the remaining order-1
Dirac δ-function, we can integrate over the momentum of the (n− 1)-th particle:∫
d3pn−1
(2pi)32En−1
δ
(p− n−1∑
i=1
pi
)2
−m2n
 = 1
2(2pi)3
∫ |pn−1|2d|pn−1|dΩn−1
En−1
δ
(p− n−1∑
i=1
pi
)2
−m2n

=
1
2(2pi)3
∫
|pn−1|dEn−1dΩn−1δ
(p− n−1∑
i=1
pi
)2
−m2n
 .
(B6)
Before we continue to simplify the expression, let us make some definitions to facilitate
subsequent calculations:
p(k) =
n∑
i=k
pi, p =
n∑
i=1
pi = p(1),
m(k) =
√
p2(k), E(k) = p
0
(k) =
√
p2(k) +m
2
(k).
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In addition, we use X∗(l) to represent the specific form of physical quantity X(X can be
momentum p, energy E or mass m etc.) in the CM frame of the particle system l, l+1, · · · , n.
Furthermore, for simplicity, we redefine X
∗(l)
l and X
∗(l)
(l) as X
(∗)
l and X
∗
(l), respectively. Since
the element of final state phase space of each particle is Lorentz invariant, one can calculate
each part in any reference frame. Then, let us come back to the integration of the phase
space for the (n − 1)-th particle, and we calculate this part in the CM frame of (n − 1)-th
and n-th particle system:
∫
|pn−1|dEn−1dΩn−1δ
(p− n−1∑
i=1
pi
)2
−m2n
 = ∫ |pn−1|dEn−1dΩn−1δ [(p(n−1) − pn−1)2 −m2n]
=
∫
|p(∗)n−1|dE(∗)n−1dΩ(∗)n−1δ
[
(p∗(n−1) − p(∗)n−1)2 −m2n
]
.
(B7)
Here we note that in the CM frame of the (n− 1)-th and n-th particle system we have
p∗(n−1) = (m(n−1),0). (B8)
Substituting Eq. (B8) into the order-1 Dirac δ-function of Eq. (B7),
δ
[
(p∗(n−1) − p(∗)n−1)2 −m2n
]
= δ(m2(n−1) +m
2
n−1 − 2m(n−1)E(∗)n−1 −m2n)
=
1
2m(n−1)
δ
(
E
(∗)
n−1 −
m2(n−1) +m
2
n−1 −m2n
2m(n−1)
)
.
(B9)
Then, using Eq. (B9), Eq. (B7) is written as∫
|p(∗)n−1|dE(∗)n−1dΩ(∗)n−1δ
[
(p∗(n−1) − p(∗)n−1)2 −m2n
]
=
∫
|p(∗)n−1|dΩ(∗)n−1
1
2m(n−1)
ϑn−1
(
E
(∗)
n−1 −
m2(n−1) +m
2
n−1 −m2n
2m(n−1)
)
,
(B10)
where we have integrated out the last order-1 Dirac δ-function. Then substituting Eq. (B10)
into Eq. (B6), we can get:
dΦn(p1, · · · , pn) = 1
2(2pi)6
(
n−2∏
i=1
d3pi
(2pi)32Ei
)
|p(∗)n−1|dΩ(∗)n−1
2m(n−1)
θ
[
(p−
n−1∑
i=1
pi)
0
]
ϑ4n
(
p−
n∑
i=1
pi
)
ϑn−1
(
E
(∗)
n−1 −
m2(n−1) +m
2
n−1 −m2n
2m(n−1)
)
.
(B11)
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It is worth noting that the effect of the θ and ϑ functions is to limit the integrating range
to the physical region, and it is easy to check that in the physical region,
θ
[
(p−
n−1∑
i=1
pi)
0
]
ϑ4n
(
p−
n∑
i=1
pi
)
ϑn−1
(
E
(∗)
n−1 −
m2(n−1) +m
2
n−1 −m2n
2m(n−1)
)
= 1. (B12)
Thus, by confining the integral range to the physical region, we can get
dΦn(p1, · · · , pn) = 1
2(2pi)6
(
n−2∏
i=1
d3pi
(2pi)32Ei
)
|p(∗)n−1|dΩ(∗)n−1
2m(n−1)
=
1
2n(2pi)3n
(
n−2∏
i=1
|pi|dEidΩi
)
|p(∗)n−1|dΩ(∗)n−1
m(n−1)
.
(B13)
This expression is sufficient to get the result, but it is better to express it in terms of
invariant masses. Then, let us consider the relation between energy and invariant masses
for each particle:
E
(∗)
k =
√
p
(∗)2
k +m
2
k =
√
p
∗(k)2
(k+1) +m
2
k =
√
E
∗(k)2
(k+1) −m2(k+1) +m2k,
E
(∗)
k = m(k) − E∗(k)(k+1).
(B14)
With these two equations, we can get
m(k)dE
(∗)
k = (m(k) − E(∗)k )dm(k) −m(k+1)dm(k+1). (B15)
With k = 1, because of dm(1) = dm = 0, we have
mdE
(∗)
1 = −m(2)dm(2), (B16)
and we obtain
dΦn(p1, · · · , pn)
=
1
2n(2pi)3n
(
n−2∏
i=1
|p(∗)i |dE(∗)i dΩ(∗)i
)
|p(∗)n−1|dΩ(∗)n−1
m(n−1)
=
1
2n(2pi)3n
(
n−2∏
i=1
|p(∗)i |dΩ(∗)i
)
|p(∗)n−1|dΩ(∗)n−1
m(n−1)
(
n−2∏
k=1
dE
(∗)
k
)
=
1
2n(2pi)3n
(
n−2∏
i=1
|p(∗)i |dΩ(∗)i
)
|p(∗)n−1|dΩ(∗)n−1
m(n−1)
∣∣∣∣∣
n−2∧
k=1
(m(k) − E(∗)k )dm(k) −m(k+1)dm(k+1)
m(k)
∣∣∣∣∣ ,
where
∧
represents the wedge product which has the following properties,
dx
∧
dy = −dy
∧
dx, dx
∧
dx = 0. (B17)
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With Eq. (B16), the differential invariant mass dm(k) in dE
∗
k vanishes, and thus we have
dΦn(p1, · · · , pn) = 1
2n(2pi)3n
n−2∏
i=1
|p(∗)i |dΩ(∗)i
|p(∗)n−1|dΩ(∗)n−1
m(n−1)
(
n−2∏
k=1
m(k+1)dm(k+1)
m(k)
)
=
1
2n(2pi)3nm
n−1∏
i=1
|p(∗)i |dΩ(∗)i
(
n−1∏
k=2
dm(k)
)
(B18)
At last, using Eq. (B18), we can rewrite the phase-space factor in Eq. (B1) as follows:
dΓ =
(2pi)4−3n
2n+1m2
|M|2|p(∗)1 | · · · |p(∗)n−1|dΩ(∗)1 · · · dΩ(∗)n−1dm(2) · · · dm(n−1) (B19)
where (|p(∗)k |,Ω(∗)k ) is the momentum of particle k in the CM frame of the particle system
k, k + 1, · · · , n, and m(k) is the invariant mass of the particle system k, k + 1, · · · , n.
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